


Functions
Limits (part 3)



How to find limit at a point by calculation?

❖ To find the limit at a point, substitute 𝑥 by its value.

Example: 

❶𝑓 𝑥 = 2𝑥 + 3 𝑎 = 3

lim
𝑥→3

𝑓(𝑥) = 2 3 + 3 = 6 + 3 = 9



How to find limit at a point by calculation?

❷𝑓 𝑥 =
1

𝑥
𝑎 = 0

lim
𝑥→0

𝑓(𝑥) =
1

0

𝑛𝑏

0
= ±∞

lim
𝑥→0−

𝑓(𝑥) =

lim
𝑥→0+

𝑓(𝑥) =

1

0−
= −∞

1

0+
= +∞

lim
𝑥→0

𝑓(𝑥) = ∄
=



How to find limit at a point by calculation?

❸𝑓 𝑥 =
1

𝑥2−1
𝑎 = 1

lim
𝑥→1

𝑓(𝑥) =
1

12−1
=

1

0

𝑛𝑏

0
= ±∞

lim
𝑥→1−

𝑓(𝑥) =

1− 2 = 1− so 1− − 1 = 0−

1

0−
= −∞

lim
𝑥→1+

𝑓(𝑥) =

1+ 2 = 1+ so 1+ − 1 = 0+

1

0+
= +∞

lim
𝑥→1

𝑓(𝑥) = ∄



How to find limit at a point by calculation?

❹𝑓 𝑥 =
1

𝑥2−1
𝑎 = −1

lim
𝑥→−1

𝑓(𝑥) =
1

12−1
=

1

0

𝑛𝑏

0
= ±∞

lim
𝑥→−1−

𝑓(𝑥) =

−1− 2 = 1+ so 1+ − 1 = 0+

1

0+
= +∞

lim
𝑥→−1+

𝑓(𝑥) =

−1+ 2 = 1− so 1− − 1 = 0−

1

0−
= −∞

lim
𝑥→1

𝑓(𝑥) = ∄



How to find limit at a point by calculation?

❺𝑓 𝑥 =
1

𝑥−2 2 𝑎 = 2

lim
𝑥→2

𝑓(𝑥) =
1

2−2 2 =

𝑛𝑏

0
= ±∞

lim
𝑥→2−

𝑓(𝑥) =
1

2−−2 2 =
1

0− 2 =
1

0+
= +∞

lim
𝑥→2+

𝑓(𝑥) =
1

2+−2 2 =
1

0+ 2 =
1

0+
= +∞

lim
𝑥→2

𝑓(𝑥) = +∞



How to find limit at a point by calculation?

❻𝑓 𝑥 =
𝑥2+2𝑥−3

𝑥+3
𝑎 = −3

lim
𝑥→−3

𝑓(𝑥) =
−3 2+2 −3 −3

−3+3
=

0

0
I.F.

❖ In this case we need to remove the common factor in the numerator and in the 

denominator.

lim
𝑥→−3

𝑓(𝑥) = lim
𝑥→−3

(𝑥−1)(𝑥+3)

𝑥+3
= lim

𝑥→−3
𝑥 − 1 = −3 − 1 = −4



How to find limit at a point by calculation?

❼𝑓 𝑥 =
−2𝑥2+3𝑥−1

𝑥2−1
𝑎 = 1

lim
𝑥→1

𝑓(𝑥) =
−2 1 2+3 1 −1

1 2−1
=

0

0
I.F.

lim
𝑥→1

𝑓(𝑥) = lim
𝑥→1

−2(𝑥−1)(𝑥−
1

2
)

(𝑥−1)(𝑥+1)
= lim

𝑥→−3

−2 𝑥−
1

2

𝑥+1
=

−2 1−
1

2

2
= −

1

2



How to find limit at a point by calculation?

❽𝑓 𝑥 =
𝑥3−8

𝑥2−16
𝑎 = 2

lim
𝑥→2

𝑓(𝑥) =
2 3−8

22−16
=

0

−12
= 0



How to find limit at a point by calculation?

❽𝑓 𝑥 =
𝑥+1−1

𝑥
𝑎 = 0

lim
𝑥→0

𝑓(𝑥) =
0

0 I.F.

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

𝑥+1−1

𝑥
×

𝑥+1+1

𝑥+1+1

= lim
𝑥→0

𝑥+1−1

𝑥( 𝑥+1+1)
= lim

𝑥→0

𝑥

𝑥( 𝑥+1+1)
= lim

𝑥→0

1

𝑥+1+1
=

1

2



Continuity at a point

A function f is continuous at 𝑥 = 𝑎 when the curve of 𝑓 doesn’t contain any form 

of discontinuity:

❶ Jump discontinuity



Continuity at a point

A function f is continuous at 𝑥 = 𝑎 when the curve of 𝑓 doesn’t contain any form 

of discontinuity:

❷ Infinite discontinuity



Continuity at a point

A function f is continuous at 𝑥 = 𝑎 when the curve of 𝑓 doesn’t contain any form 

of discontinuity:

❸removable (gap) point



Continuity at a point

A function 𝑓 is continuous at 𝑥 = 𝑎 when:

❶𝑓 is defined at 𝑥 = 𝑎 (𝑓(𝑎) exists).

❷lim
𝑥→𝑎

𝑓 𝑥 exist : ( lim
𝑥→𝑎−

𝑓 𝑥 = lim
𝑥→𝑎+

𝑓(𝑥))

❸lim
𝑥→𝑎

𝑓 𝑥 = 𝑓(𝑎)

( lim
𝑥→𝑎−

𝑓 𝑥 = lim
𝑥→𝑎+

𝑓(𝑥) = 𝑓(𝑎))



Continuity at a point

lim
𝑥→𝑎−

𝑓 𝑥 = lim
𝑥→𝑎+

𝑓(𝑥) = 𝑓(𝑎) lim
𝑥→𝑎−

𝑓 𝑥 = lim
𝑥→𝑎+

𝑓(𝑥) ≠ 𝑓(𝑎)



Continuity at a point

lim
𝑥→𝑎−

𝑓 𝑥 = lim
𝑥→𝑎+

𝑓(𝑥)

𝑓 𝑎 ∄

𝑓 𝑎 ∄



Continuity at a point

Example.

❶ 𝑓 𝑥 = |𝑥 − 1| ; 𝑎 = 1

𝑓 1 = 1 − 1 = 0 = 0

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

1 − 𝑥 = 1 − 1− = 0+

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

𝑥 − 1 = 1+ − 1 = 0+

So lim
𝑥→1−

𝑓 𝑥 = lim
𝑥→1+

𝑓(𝑥) = 𝑓 1 = 0 then f is continuous at x=1



Continuity at a point

Example ❷

𝑓 𝑥 = ൞
−𝑥2 + 2 𝑖𝑓 𝑥 > 1
2𝑥 − 1 𝑖𝑓 𝑥 < 1
1 𝑖𝑓 𝑥 = 1

𝑓 1 = 1

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

(2𝑥 − 1) = 2 − 1 = 1

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

(−𝑥2 + 2) = −1 + 2 = 1

f is continuous at 𝑥 = 1



Continuity at a point

Example ❸

𝑓 𝑥 = ൞

−𝑥 + 3 𝑖𝑓 𝑥 < 2
0 𝑖𝑓 𝑥 = 2

𝑥 + 4 𝑖𝑓 𝑥 > 2

𝑓 2 = 0

li
𝑥→2−

𝑓(𝑥) = lim
𝑥→2−

(−𝑥 + 3) = −2 + 3 = 1

f is not continuous at 𝑥 = 2



Continuity at a point

Remark:

If f is not continuous at 𝑥 = 𝑎 and:

❖ if lim
𝑥→𝑎−

𝑓(𝑥) = 𝑓(𝑎) , then f is continuous to 

the left (from below)

❖ if lim
𝑥→𝑎+

𝑓(𝑥) = 𝑓 𝑎 , then f is continuous to 

the right (from above)



Time for practice

5

4

-∞

3

−1

0

1

4




